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Recent work has established a correspondence between the tripartite entanglement measure of 
three qubits and the macroscopic entropy of the four-dimensional 8-charge STU black hole of super- 
gravity. Here we consider the configurations of intersecting D3-branes whose wrapping around the 
six compact dimensions T 6 provides the microscopic string-theoretic interpretation of the charges 
and associate the three-qubit basis vectors \ABC), (A,B,C = or 1) with the corresponding 8 
wrapping cycles. In particular, we relate a well-known fact of quantum information theory, that the 
most general real three qubit state can be parameterized by four real numbers and an angle, to a 
well-known fact of string theory, that the most general STU black hole can be described by four 
D3-branes intersecting at an angle. 
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Quantum entanglement lies at the heart of quantum 
information theory, with applications to quantum com- 
puting, teleportation, cryptography and communication. 
In the apparently separate world of quantum gravity, the 
Bekenstein-Hawking entropy of black holes has also oc- 
cupied centre stage. Despite their apparent differences, 
recent work [l[ has demonstrated a correspondence be- 
tween the two. The measure of tripartite entanglement 
of three qubits (Alice, Bob and Charlie), known as the 3- 
tangle tabc , and the entropy S of the 8-charge STU 
black hole of supergravity [3j, |4j are related by 



(1) 



S = j^/tabc- 

Further papers SB MSGS EH have written a more 
complete dictionary, which translates a variety of phe- 
nomena in one language to those in the other. I Table I| 
for example, relates the classification of three-qubit en- 
tanglements to the classification of supersymmetric black 
holes, explained in more detail below. Furthermore, the 
attractor mechanism on the black hole side is related to 
optimal local distillation protocols on the QI side; the su- 
persymmetric and non-supersymmetric cases correspond- 
ing to the suppression or non-suppression of bit-flip errors 
[lOj . Nevertheless, we still do not know whether there are 
any physical reasons underlying these mathematical co- 
incidences. With this in mind, we here turn our attention 
to connecting the qubits to the microscopic origin of the 
black hole entropy. 

Macroscopically, S is just one quarter the area of the 
event horizon of the black hole. To give a microscopic 
derivation [13] we need to invoke ten-dimensional string 
theory whose associated Dp-branes wrapping around the 
six compact dimensions provide the string-theoretic in- 
terpretation of the black holes. A Dp-brane wrapped 
around a p-dimensional cycle of the compact directions 
(x 4 , x 5 , x e , x 7 , x 8 , x 9 ) looks like a DO-brane from the four- 
dimensional (x 3 ) perspective. In the T 6 com- 
pactification of the Type IIB string, for example, the 



TABLE I: Classification of three-qubit entanglements and 
their corresponding D — 4 black holes. 
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8 charges of the STU black hole may be described by 
D3-branes wrapping three of the six circles, denoted by 
the crosses in ITable III The purpose of the present Let- 
ter is to associate the three-qubit basis vectors \ABC), 
(A, B, C = or 1) with wrapping configurations of these 
intersecting D3-branes. To wrap or not to wrap; that is 
the qubit. 

In particular, we shall relate a well-known fact of quan- 
tum information theory, that the most general real three 
qubit state can be parameterized by four real numbers 
and an angle, to a well-known fact of string theory, that 
the most general STU black hole can be described by 
four D3-branes intersecting at an angle. 

The three qubit system (where A,B,C — 0, 1) is de- 
scribed by the state 

|*) = a ABC \ABC) = 
aooo|000) + aooilOOl) + aoio|010) + aon|011) (2) 
+ oioo|100) + oioi|101) + ouolllO) + a m |lll). 

The tripartite entanglement of Alice, Bob and Charlie is 
given by the quartic expression Q 



TABC = 4 | Det OABC I 



(3) 
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TABLE II: Three-qubit interpretation of the 8-charge D = 4 
black hole from four D3-branes wrapping around the lower 
four cycles of T 6 with wrapping numbers No , Ni, Ni, N3 and 
then allowing N3 to intersect at an angle 9. 
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where Det a abc is Cayley's hyperdeterminant 
Det a abc ■= 

1 ^A\Ai ^B\B-2 ^A^Ai^B-- A Bi^C\Ci^CiCz 
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(4) 



The hyperdeterminant is invariant under SL(2)a x 
SL(2)b x SL(2)c, with ciabc transforming as a (2, 2, 2), 
and under a discrete triality that interchanges A, B and 
C . Another useful quantity is the local entropy Sa, which 
is a measure of how entangled A is with the pair BC: 



S A = 4 det pa, 
where pa is the reduced density matrix 
p A = Tr BC \*)(*\, 



(5) 



(6) 



and with similar formulae for B and C. 

Two states of a composite quantum system are re- 
garded as equivalent if they are related by a unitary 
transformation which factorises into separate transfor- 
mations on the component parts, so-called local unitaries. 
The Hilbert space decomposes into equivalence classes, or 
orbits under the action of the group of local unitaries. For 
unnormalised three qubit states, the number of parame- 
ters [HI needed to describe inequivalent states or, what 
amounts to the same t hing , the number of algebraically 
independent invariants [lj] is given by the dimension of 
the space of orbits 



C 2 x C 2 x C 2 



17(1) x 577(2) x SU{2) x 5rj(2)' 



(7) 



namely 16 — 10 = 6. For subsequent comparison with 
the STU black hole, however, we restrict our attention 



to states with real coefficients a abc- In this case, one 
can show that there are five algebraically independent 
invariants: Det a, Sa, Sb,Sc and the norm (^1^), corre- 
sponding to the dimension of 



I 2 x I 2 x M 2 



,50(2) x 50(2) x 50(2)' 



(8) 



namely 8 — 3 = 5. Hence, the most general real three- 
qubit state can be described by just five parameters [l5j |. 
conveniently taken as four real numbers Nq , Ni , N2 , N3 
and an angle 9 27j : 



I*) = -iV 3 cos 2 (9|001) -7V 2 |010) 
+ /V 3 sm0cos0|Oll)-/V 1 |lOO) (9) 
- N 3 sin 9 cos 6\ 101) + (7V + N 3 sin 2 0)|111). 

With the more coarse-grained equivalence under 
[SL(2)] 3 , one obtains the classification of three qubit en- 
tanglements shown in lTablc Tl 16]. Representatives from 
each class are: Class A-B-C (product states) 



JVo|lll). 

Classes A-BC, (bipartite entanglement) 
iV |lll> - JVi|100>, 



(10) 



(11) 



and similarly B-CA, C-AB. Class W (maximises bipar- 
tite entanglement) 

-7V 1 |100)-/V 2 |010)-/V 3 |001). (12) 

Class GHZ (genuine tripartite entanglement) 

7V |111) - 7Vi|100) - 7V 2 |010) - 7V 3 |001). (13) 

The 5TC7 model [3j consists of N = 2 supergravity 
coupled to three vector multiplets interacting through 
the special Kahler manifold [5L(2)/50(2)] 3 . A general 
static spherically symmetric black hole solution depends 
on 8 charges @, [| denoted q , qi, q 2 , q 3 , P° , p 1 , p 2 , p 3 , 
but the generating solution depends on just 8 — 3 = 5 pa- 
rameters [T3, US] , after fixing the action of the isotropy 
subgroup [50(2)] 3 . The solution can usefully be em- 
bedded in an N = 4 supergravity model with symmetry 
SL(2) x 50(6,22), the low-energy limit of the heterotic 
string compactified on T 6 , where the charges transform 
as a (2, 28), or else in N = 8 supergravity with symmetry 
£7(7), the low-energy limit of the Type IIA or Type IIB 
strings, compactified on T 6 or M-theory on T 7 , where the 
charges transform as a 56. In all cases, remarkably, the 
same five parameters suffice to describe these 56-charge 
black holes [T3, El]. 

By identifying the 8 charges with the 8 components 
of the three-qubit hypermatrix a abc, one finds [l[ that 
the black hole entropy lj] is related to the 3-tangle as 
in fTJ). One also finds [5J in the N — 2 theory that the 



3 



three-qubit entanglement classification, discussed above, 
is matched by the black hole classification into small 
(5 = 0), with 1/2 of supersymmetry preserved, and large 
(5^0), with cither 1 /2 or 0. By embedding in the N = 8 
theory, we can in this Letter include the finer supersym- 
metry preserving distinctions [lj| as in ITable II 

There is, in fact, a quantum information theoretic in- 
terpretation of the 56 charge N = 8 black hole in terms 
of a Hilbert space consisting of 7 copies of the three- 
qubit Hilbert space @, Hi- It relies on the decomposition 'b d b th t t 
£7(7) D [SL(2)] 7 and admits the interpretation, via the 
Fano plane, of a tripartite entanglement of seven qubits, 
with the entanglement measure given by Cartan's quar- 
tic i?7(7) invariant. Remarkably, however, because the 
generating solution depends on the same five parameters 
as the STU model, its classification of states will exactly 
parallel that of the usual three qubits. Indeed, the Car- 
tan invariant reduces to Cayley's hyperdeterminant (j4|) 
in a canonical basis [B[ . 

Now we turn to the microscopic analysis. This is not 
unique since there are many ways of embedding the STU 
model in string/M-theory, but a useful one from our point 
of view is that of four D3-branes of Type IIB wrapping 
the (579), (568), (478), (469) cycles of T 6 with wrapping 
numbers Nq , N± , N 2 , N3 and intersecting over a string 
[20| | . The wrapped circles are denoted by crosses and 
the unwrapped circles by noughts as shown in ITable III 
This picture is consistent with the interpretation of the 
4-charge black hole as a bound state at threshold of four 
1-charge black holes 0, 21 , 2^ ■ The fifth parameter 9 is 



TABLE III: Classification of two-qutrit entanglements and 
their corresponding D = 5 black holes. 
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\$) = a AB \AB), 



(14) 



and the Hilbert space has dimension 3 2 = 9. The bi- 
partite entanglement of Alice and Bob is given by the 
2-tangle 



tab — 27 det pa = 27 | det a A B \ 
where pa is the reduced density matrix 
p A = Tr B |tf)(tf|. 



(15) 



(16) 



obtained |23j, [24( by allowing the N3 brane to intersect 
at an angle which induces additional effective charges on 
the (579), (569), (479) cycles. The microscopic calcula- 
tion of the entropy consists of taking the logarithm of 
the number of microstates and yields the same result as 
the macroscopic one [Hj]. 

To make the black hole/qubit correspondence we asso- 
ciate the three T 2 with the SL(2) A x SL{2) B x SL(2) C of 
the three qubits Alice, Bob, and Charlie. The 8 different 
cycles then yield 8 different basis vectors \ABC) as in 
the last column of ITable TT1 where |0) corresponds to xo 
and |1) to ox. We see immediately that we reproduce the 
five parameter three-qubit state |$) of ©. Note that the 
GHZ state of (fl3|) describes four D3-branes intersecting 
over a string. Performing a T-duality transformation, one 
obtains a Type IIA interpretation with zero D6 -branes, 
No DO-branes, Aq, N 2 , N 3 D4-branes plus effective D2- 
brane charges, where |0) now corresponds to xx and |1) 
to 00. 

All this suggests that the analogy between D = 5 
black holes and three-state systems (0 or 1 or 2), known 
as qutrits, should involve the choice of wrapping an M2- 
brane around one of three circles in T 3 . This is indeed 
the case, with the number of qutrits being two. 

The two qutrit system (where A,B — 0,1,2) is de- 



The determinant is invariant under SL(3)a X SL(3)b, 
with a A B transforming as a (3, 3), and under a discrete 
duality that interchanges A and B. 

Once again, for subsequent comparison with the D = 
5 black hole, we restrict our attention to unnormalised 
states with real coefficients aAB- In this case, one can 
show [2] that there are three algebraically independent 
invariants: tab, C 2 (the principal minor of pa) and the 
norm (^I'Jj), corresponding to the dimension of the space 
of orbits 



K 3 x K 3 



50(3) x 50(3) : 



(17) 



namely 9 — 6 = 3. Hence, the most general two-qutrit 
state can be described by just three parameters, which 
may conveniently be taken to be three real numbers 
N a ,Ni,N 3 : 



I*) = N Q \00) + Aq|ll) +N 2 \22) 



(18) 



A classification of two-qutrit entanglements, depending 
on the rank of the density matrix, is given in ITable IlTl 
The 9-charge N = 2, D = 5 black hole may also be em- 
bedded in the N = 8 theory in different ways. The most 
convenient microscopic description is that of three M2- 
branes wrapping the (58), (69), (710) cycles of the 

T 6 compactification of D = 11 M-theory, with wrapping 
numbers No,Ni,Nz as in ITable IVI To make the black 
hole/qutrit correspondence we associate the two T 3 with 
the SL(3)a x SL(3)b of the two qutrits Alice and Bob. 
The 9 different cycles then yield the 9 different basis vec- 
tors \AB) as in the last column of ITable IVI where |0) 
corresponds to xoo, |1) to oxo, and |2) to oox. We see 
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TABLE IV: Two-qutrit interpretation of the 9-charge D — 5 
black hole from M2-branes in D = 11 wrapping around the 
upper three cycles of T 6 with wrapping numbers No,Ni, N2 . 
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immediately that we reproduce the three parameter two- 
qutrit state I*) of (HHJ). 

The black hole entropy, both macroscopic and micro- 
scopic, turns out to be given by the 2-tangle 



S 



2ttV| deta AB |, (19) 

and the classification of the two-qutrit entanglements 
matches that of the black holes as in ITablc IlTl 

There is, in fact, a quantum information theoretic in- 
terpretation of the 27 charge N = 8, D = 5 black hole 
in terms of a Hilbert space consisting of three copies of 
the two-qutrit Hilbert space Q. It relies on the decom- 
position Eq(6) D [SX(3)[ 3 and admits the interpretation 
of a bipartite entanglement of three qutrits, with the en- 
tanglement measure given by Cartan's cubic £?6(6) in- 
variant. Once again, however, because the generating 
solution depends on the same three parameters as the 
9-charge model, its classification of states will exactly 
parallel that of the usual two qutrits. Indeed, the Cartan 
invariant reduces to det clab in a canonical basis [l|| . 

In conclusion, our Type IIB microscopic analysis of 
the black hole has provided an explanation for the ap- 
pearance of the qubit two-valuedness (0 or 1) that was 
lacking in the previous treatments: the brane can wrap 
one circle or the other in each T 2 . The number of qubits 
is three because of the six extra dimensions of string the- 
ory. Moreover, the five parameters of the real three-qubit 
state are seen to correspond to four D3-branes intersect- 
ing at an angle. Similar results hold for the two-qutrit 
system. It would be interesting to see whether we can 
now find an underlying physical justification for ((T|). 
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thank the theoretical physics group at Imperial College 
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